In the paper, we discuss the possibility of observation of heavy quarkoniums via the processes involving flavor changing neutral currents (FCNC). More explicitly, we systematically calculate the production of heavy charmonium and (cb)-quarkonium through the top quark −0.62−1.64 × 10 −18 GeV, where the uncertainties are from variation of quark masses and renormalization scales. Even though the decay widths are small, it is important to make a systematic study on the production of charmonium and (cb)-quarkonium through the top-quark decays via FCNC in the Standard Model, which will provide useful guidance for future new physics research from the heavy quarkonium involved processes.
I. INTRODUCTION
Since the discovery of the heavy quarkonium, the research on it attracts more and more attentions from theorists and experimentalists. As an important way to study the QCD mechanism, the production of heavy quarkonium is very useful for testing perturbative QCD (pQCD) theory [1] [2] [3] [4] . Many studies have been paid for them. For example, for the B c meson production, many studies have been done through not only the 'direct' hadronic production [5] [6] [7] [8] , but also its 'indirect' production channels of top-quark [9, 10] , Z 0 -boson [11] [12] [13] [14] , W ± -boson [15] [16] [17] and Higgs-boson [18, 19] decays in which sizable number of events can be detected at LHC or HL-LHC [20, 21] which runs at the center-of mass energy √ S = 14
TeV with the current integrated luminosity of 3 ab −1 .
Being the heaviest fermion with a mass close to the electroweak symmetry breaking scale in standard model (SM), the top quark is helpful for analyzing the production of the heavy quarkonium and is also speculated to be a sensitive probe of new physics beyond the SM. A better understanding of those channels within the SM is helpful for judging whether there is really new physics, i.e. to deduct the SM background from the experimental data at a high confidence level such that to determine the right ranges for the new physics parameters.
Following the top quark dominant decay channel, t → bW + , it has been pointed out that sizable B − c mesons can be produced via the channel, t → |(bc)[n] + c + W + [9, 10] , where
[n] stands for the (bc)-quarkonium state via the velocity scaling rule of the non-relativistic QCD (NRQCD) theory [22] .
The heavy quarkonium (B − c , η c and etc.) may also be produced via the top-quark decays through the flavor changing neutral current (FCNC) processes, i.e. t → |(cQ)[n] + Q + Z 0 with Q equals to c or b respectively. The FCNC processes involving heavy hadrons are of significant interests and allow stringent tests of our current understanding of particle physics. The Glashow-Iliopoulos-Maiani (GIM) mechanism [23] forbids its production at the tree level and covers important information in the loop structure. There are many studies focused on the top-quark rare decays via FCNC in the SM [24] [25] [26] and other new models like the two-Higgs-doublet models (2HDM) [24] , the minimal supersymmetric model (MSSM) [27] , the Topcolor-assisted Technicolor Model (TC2) [28] and other models [29] .
These researchs confirmed that FCNC processes could be unambiguous small but also could provide a useful window in the quest for new physics signals. Thus to make a systematic study on the production of charmonium and cb-quarkonium through the top-quark decays via the FCNC in the SM is requisite, it will provide useful guidance for future new physics research from the heavy quarkonium involved processes. As will be shown later, the decay width via FCNC is generally small and the contribution from the P -wave states is relatively smaller than that of the S-wave states. In the present paper, we shall only make a detailed discussion on the production of two color-singlet S-wave states 1 S 0 and 3 S 1 .
The remaining parts of the paper are organized as follows. In Sec.II, we present the calculation technology for the production of heavy quarkonium through the top-quark rare decays via FCNC. Numerical results for total and differential decay widths, together with their uncertainties, are presented in Sec.III. Sec.IV is reserved for a summary. The FCNC kernel of the top-quark decay is t → cZ 0 , and the charmonium and the (cb)-quarkonium production via FCNC is through the process
where Q stands for c or b, p i (i = 1, 2, 3, 4) represent the four-momenta of initial and final state particles, respectively. Feynman diagrams for the production of heavy quarkonium via FCNC are depicted in Fig.(1 
where q stands for the relative momentum between the two constituent quarks. The Quarkonium mass M ≃ m c + m Q is adopted to ensure the gauge invariance of the hard scattering amplitude.
The decay width of the process t → |(cQ)[n] + Q + Z 0 can be written in the following factorized form
where n means a series of Fock states. Contributions from the color-octet states or the Pwave states are generally smaller than that from the color-singlet S-wave states, which are about 10% of the ground states via a general velocity scaling rule [22] . Thus in the present paper, we shall consider the color-singlet S-wave states' contributions. The non-perturbative
describes the hadronization process of a perturbative (cQ) pair into an observable hadronic state. The color-singlet ones can be computed through potential models [30] [31] [32] [33] [34] [35] , e.g. the color-singlet S-wave states are related to the wavefunction at the
. The decay widthΓ represents the short-distance coefficients which can be calculated perturbativelŷ
where the symbol means to sum over the color and spin of final-state particles and to average over the spin and color of initial-state top quark. dΦ 3 is the three-body phase space which can be written as
It is helpful to get the differential distributions, dΓ/ds ij and dΓ/d cos θ ij , for experimental studies, where the invariant masses s ij = (p i + p j ) 2 and θ ij is the angle between p i and p j for i, j = 2, 3, 4.
The amplitude can be generally expressed as
where m = 10 stands for the number of Feynman diagrams of this processes, s and s ′ are spin indices, i and j are color indices of the outgoing Q quark and the initial top quark, respectively. The color factor C for the color-singlet production is 
where ǫ[
As for the present considered one-loop triangle integrals with three internal masses, it is noted that there is no ultra-violet divergence [37] , thus we can get the finite results by directly performing the loop integrals. More explicitly, the amplitudes A l are given in Appendix A.
III. NUMERICAL RESULTS
We use FeynArts 3.9 [38] to generate amplitudes and the modified FormCalc 7.3/LoopTools 2.1 [39] to do the algebraic and numerical calculations. We set the typical renormalization scale µ R to be 2m c (2m b ) for the production of charmonium ((cb)-quarkonium) accordingly, leading to α s (2m c ) = 0.259 and α s (2m b ) = 0.181. Because the wavefunction at the zero is an overall factor and its uncertainty can be conventionally discussed when we know its exact values, thus we shall directly take the wavefunction at the zero to be the one derived from the QCD (Buchmuller-Type) potential model [35] . We set the masses of the 
A. The charmonium and (cb)-quarkonium production via FCNC Total decay width for the process t → cZ 0 is 9.59 × 10 −13 GeV which is small due to the strong GIM suppression from the small values of the internal quark masses m b,s,d . As a subtle point, contribution from the d quark loop is negligible due to small CKM matrix element |V td | and its small mass. The decay width and corresponding branching ratios for the production of the (cQ)-quarkonium through the channel t → |(cQ)[n] + Q + Z 0 via FCNC are listed in Table I . Table I shows the decay width of the charmonium production is almost two orders of magnitude larger than that of the (cb)-quarkonium production. 
B. Uncertainties for the charmonium and (cb)-quarkonium production via FCNC
There are uncertainties from different choices of quark masses, renormalization scale and wavefunction uncertainties. In this subsection, we discuss the uncertainties from the quark masses and the renormalization scale. In Tables II, III 
Γ t→J/ψ = 1.37
Γ t→Bc = 2.06
Γ t→B * c = 6.27
where the uncertainties from various quark masses are summed up in quadrature.
We present the scale uncertainties by varying the scale µ R within the range of [µ R /2, 2µ R ]
in Table V . Generally, the scale uncertainty can be suppressed by including high-order terms or by using an optimized scaling-setting method [45, 46] . Here we set the renormalization scale to be µ R = 2m c for charmonium production and µ R = 2m b for (cb)-quarkonium production. Scale uncertainties for total invariant mass distributions are shown for the production of charmonium and (cb)-quarkonium in Figs.(4, 5) . Considering that the selected renormalization scale is small for the production of charmonium, the uncertainty is relatively larger than that for the production of (cb)-quarkonium. 
without FCNC, where n stands for the two color-singlet S-wave states.
C. Background for the (cb)-quarkonium production
For the production of (cb)-quarkonium with the same final states, there is another production channel, which could be treated as the background for observing the FCNC effect. The Fig.(6) , where n stands for the two color-singlet S-wave states. For this channel, the short-distance amplitudes are
Feynman diagrams for the decay t(p
where C is 
We present the invariant mass and the angular distributions for the production of Figs.(7, 8) . Figures.(3, 8) show the angular 
D. New physics effects
To simply estimate the new physics effects, we adopted Γ = Γ t × BR(t → cZ 0 ) × R, where Γ t is the total decay width of top quark about 2 Gev, the related ratio R is given in subsection A and can be considered to be consistent with the SM on the order of magnitude.
The branching ratio BR(t → cZ 0 ) has been studied in detail with many new models. Here we listed some estimated results in some new physics in 
IV. SUMMARY
The rare FCNC process is generally forbidden at the tree level in the SM, which is small and is used for searching of new physics beyond the SM. Within the framework of NRQCD,
we have done a detailed study on the production of heavy-quarkonium through top quark 
where the uncertainties from various quark masses and renormalization scales are summed up in quadrature. Various differential distributions have also been presented. Even though the decay widths are small, they are still important, which will provide useful guidance for searching of new physics beyond the SM from the heavy quarkonium involved processes.
